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 NONLINEAR DYNAMIC THEORY
 FOR A DOUBLE-DIFFUSIVE CONVECTION MODEL*

 L. A. RUBENFELD AND W. L. SIEGMANNt

 Abstract. The dynamical behavior of small-norm solutions to a simple fluid-loop model describing
 convection in a two-constituent fluid is discussed. Asymptotic techniques are developed to describe the

 dynamic behavior of solutions near those parts of the linear stability boundary where one eigenvalue
 passes through zero (exchange of stabilities), where two eigenvalues become purely imaginary
 conjugates (Hopf bifurcation), and where two eigenvalues coalesce to zero.

 1. Introduction. Double-diffusive convection denotes convective motion in a
 fluid which possesses two density-altering constituents with differing molecular
 diffusivities, such as certain motions in the oceans and some lakes where the two
 properties are salt and heat. Of particular interest is the situation when, in the

 absence of motion, constituent gradients are present which produce density
 gradients of opposite signs. An excellent account of known properties of double-

 diffusive convection in a Newtonian fluid is contained in a recent monograph [1].
 In [2] a simple fluid loop model exhibiting double-diffusive convection was

 derived and studied. In this model fluid was confined within a vertical circular loop
 of very small cross-section and could flow only in the circumferential direction of
 the loop. The loop was imbedded in a motionless medium with which it could
 exchange "heat" and "salt" at different rates, proportional to the instantaneous
 difference of the heat and salt values in the medium and loop. Assuming an
 incompressible Boussinesq fluid, and a viscous force proportional to the velocity,

 a system of equations was derived in [2] for the time behavior of the fluid velocity
 and the Fourier sine and cosine components of the salt concentration and
 temperature. This system of five ordinary differential equations possesses a
 "4conductive" solution, i.e., one with no fluid motion and the same (linear) vertical
 stratification of salt concentration and temperature in the loQp as in the medium.
 The deviations from this conductive state satisfy another system of five nonlinear,
 coupled, ordinary differential equations, involving four dimensionless quantities.

 They are a Prandtl number (o), two Rayleigh numbers (R and R., associated with
 temperature and salt concentration respectively), and a Schmidt number (a.t). The

 Schmidt number was assumed to lie in the range 0 < A < 1, reflecting the assump-
 tion that the exchange of salt occurs at a slower rate than that of heat.

 The aim of [2] was to investigate the region of the R-R, plane, for fixed a and
 ,u, in which the conductive state is globally stable. Using energy integral techni-
 ques (see [3]), the largest such region was found and, moreover, it was proved that
 all perturbations of the conductive solution in this region decayed to zero with
 time.

 The purpose of the present work is to investigate the evolution of the flow
 near the linear stability boundaries. The problem is made interesting because two
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 parameters (R and R.) are required to define the linear stability boundaries,
 indicated in Fig. 1 by the solid parts of the two lines L(1) and L(2). The notation in
 this figure is explained in the next section, where the equations are formulated and
 the linear stability results of [2] are summarized. The behavior of the eigenvalues
 of the coefficient matrix of the linearized problem is also discussed near the

 stability boundaries, as a prelude to the development of amplitude equations
 governing small but finite-amplitude disturbances.

 Steady "convective" solutions, i.e., motions independent of time with non-
 zero fluid velocity, are the simplest states into which the conductive solution could
 bifurcate. Starting from results in [2], we discuss this type of solution in ? 3 for
 parameter values near the linear stability boundaries. Diagrams (Figs. 2-4) of the
 standard type are used to display the variety of possible bifurcations.

 On line L(1) of Fig. 1, there is a simple zero eigenvalue of the matrix of
 coefficients in the linearized problem which gives rise to the simplest bifurcation
 phenomena [4], [5], [6]. In ? 4 we use a derivative expansion procedure (discussed
 in [17]) to derive the amplitude equation governing the motion. It is also shown
 there how this equation must be modified in a neighborhood of the point p(l).
 Similarly, in ? 5, appropriate amplitude equations are derived for the bifurcated
 states in a neighborhood of the line L(2) of Fig. 1. On this line, two eigenvalues of
 the linear matrix become purely imaginary conjugates, leading to so-called Hopf
 bifurcation [8]. We show that near L(2), and to the left of the point p(3) of Fig. 1, a
 stable small-norm periodic solution bifurcates, but that this cannot take place to

 the right of p(3).
 In ? 6, the dynamics near P(O) of Fig. 1 is discussed. At this point, two

 eigenvalues of the matrix of coefficients of the linearized system coalesce to zero,
 and modifications of the method used near the line L(') must be incorporated. The
 qualitative behavior of solutions to the amplitude equation are discussed.

 We remark that this model permits a simple analytic analysis of the various
 bifurcation phenomena which can be anticipated for the Navier-Stokes equa-
 tions, without encountering the computational difficulties of that more realistic

 fluid model. The results of ? 5 concerning the point p(3) were unexpected and not
 predicted by Sani [9], who considered the analogous problem for the Navier-
 Stokes equations. Moreover, Sani's calculations, using the Stuart-Watson
 method, break down completely near the point P(O), since his results predicted
 singularities in the coefficients of the amplitude equation there. The incorrect
 description of the bifurcation near P(O) can be traced directly to the inability of the
 classical procedure to handle the double zero eigenvalue. The resolution of this
 difficulty for the Navier-Stokes equations follows in a manner analogous to that
 for our loop model, as will be reported elsewhere.

 2. Formulation and results of linear theory. It is convenient to define two
 new dimensionless parameters 8 and v, in terms of the Rayleigh numbers R and

 R. used in [2]:

 (2.1) ( = o)R _( ' l _l) 3 = oR'- ( ))

 This translation moves the point P(O) in the R -Rs plane in Fig. 2 of [2], to the origin
 in the v-8 plane.
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 NONLINEAR DYNAMIC THEORY 873

 In terms of the four dimensionless parameters o-, ,, v and 8, equations (3.4) in
 [2] become the matrix system

 (2.2) x=Ax+x4Nx, x(O) given,

 where * denotes d/dt, x is a 5 x 1 column vector with components x1,i , x5, and
 the matrices A (of coefficients of the linearized system) and N are

 -1 0 0 0 0

 O -/ 0 0 0

 A 0 0 -1 1 0

 o 0 v+ --+ ' -8- +l O O V+~1_ -S / (1 - 0
 (2.3) L 0 0 0 1 -

 0 0 -1 0 01

 0 0 0 0 -1

 N= 1 0 oo ,

 0 0 0 0 0j

 0 1 0 o o

 with

 (2.4) 0<o, O<t < 1.

 The conductive solution is x= 0.
 Certain principal features of the behavior of solutions to (2.2) and (2.3) are

 depicted in Fig. 1. The solid parts of the lines L(1) and L(2) separate regions of
 linear stability and instability in the v-8 plane. The eigenvalues A of A satisfy

 (2.5) ~(A + 1)(A +/ k)[A 3+ AA2+ (S_,u)A + -,v]0 (2.5) 0

 where

 (2.6) - A + 1 > 0.

 These can be shown to possess the following properties:
 To the left of both L(1) and L 7T: All eigenvalues of A have negative real parts.

 This is the region of linear stability, where all solutions of the linearized system
 * = Ax decay to zero. It is possible, however, that solutions to (2.2) may not decay
 to zero.

 To the right of either L(1) or L(2): Some of the eigenvalues of A have positive
 real parts, and some solutions of the linearized system grow exponentially in time.

 On and near the solid part ofL(1): On the solid part of L(1) (8= ,mv, v < 0), four
 eigenvalues have negative real parts and one is zero (except at P(O)). The zero
 eigenvalue corresponds to neutral stability, and by continuity, the four with
 negative real parts will retain this characteristic slightly away from L(1). By
 investigating how the zero root of (2.5) behaves for 8 -,uv << 1, and v <0, we
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 L(2)

 p(3)

 2 0(1)

 L)

 - 1-0

 P12: o(l), )A(
 1 0(1) __ _ _ L _ _(_ )

 none I(o 0oo (1): =v

 (. ' + 0(1) 8-IwA 1.)

 We Cnotethat(2.7)isnotvalidwhere 1, w cs) = to t (e p 5))

 v(l~~~~~~pl L-) ,u v 1-R

 Wenone Uhat (27 is not vai whr <1 hc orrsod oth on

 discussed below. We also note that A (1) is negative above the solid part of L(1)
 (since v <0 and 8- ,uv >0) and positive below. Thus there is exponential decay
 above, and growth below, the solid portion of s
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 NONLINEAR DYNAMIC THEORY 875

 On and near the solid portion of L(2): On the solid portion of the line L(2)
 (8 = ((o- + 1)/(o( + ,U))V, V > 0), the roots of (2.5) are given by

 (2.8) A=-1 -,u - A (1,)v1

 Near this part of L(2) the three negative roots retain negative real parts, and the
 behavior of the imaginary roots A (2) near L(2) is

 Ak(2)= [- A)v 1/2 (- +Z -(A-i) +_ . ._.

 (2.9)
 a_(C+1)<<1

 On L(2) periodic solutions of the linear system exist. As before, (2.9) is invalid near
 v0.

 At and near P(?): At P(O) (8 = v = 0), (2.5) has three negative and two zero
 roots. The solution to the linear system may thus exhibit linear growth in time. To
 determine the behavior of the zero roots near P(O), we note that the small roots are

 not analytic functions of 8 and v there. It can be shown that the two small roots Ao
 of (2.5) satisfy the quadratic equation

 (2.10) A2+aA0+b=0, 8,v?<< 1

 where

 (S -zV) (dw ,cv) + (-v)2 3( - v)(8 - ,uv) + 2(8 - kw)2 + A - A2 + A3 - A4 + A5
 (2.11)

 b- A + A3 A4 +**

 Equation (2.10) will lead (see ? 6) to a second-order amplitude equation describ-
 ing the time evolution of the zero solution of (2.2) near P(?).

 3. The approximate steady states and bifurcation diagrams. It was shown in
 [2] that the nontrivial steady state solutiops of (2.2) are given by

 (3.1) XsteadY(+p,2+p, ? -p ?12 ?P")

 where "T" denotes transpose and the positive quantity P is

 (3.2) (2o/,u)P = (v/,u -8 + A) ? [(v/fi _ + A)2 _ (4o/pi)(8 _-p)]1/2.

 The steady states (3.1) exist in those regions of the v-6 plane where the right hand
 side of (3.2) is real and positive. In the v-6 plane of Fig. 1, these regions are:

 No convective steady states. On that part of L(1) lying to the left of p(l); also to
 the left of the parabolic curve and above L(l). (We proved [2] that this region of
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 876 L. A. RUBENFELD AND W. L. SIEGMANN

 linear stability containing no nontrivial steady states was a region of global
 stability, wherein all solutions of (2.2) decay to zero.)

 One pair of convective steady states. Below L(1); on that part of L(1) lying to
 the right of p(l); and on the whole parabolic curve.

 Two pairs of convective steady states. In the region between the parabolic
 curve and the line L('). Note the three-sided region in Fig. 1 with vertices P(O),
 p(M), and p(2), and the region above p(2) between the parabola and L(2), where
 additional steady states exist in the linear stability regime; these are regions of
 subcritical instability, where linear theory predicts decay but finite-amplitude
 disturbances may grow.

 Approximate expressions for the steady states near linear stability bound-
 aries are important for understanding the time behavior of perturbations of the
 zero solution of (2.2). These expressions have the following form:

 Near the solid part of L(1): We obtain from (3.2)

 (2f)p= v(1_-,2)+pA ( +

 i [(V(1 1- ,2) + ^A)2 - 2(8 _- 2+ _ ___2) + ___

 +(8v)2]U1/2

 += (8 _ [V2

 The condition P >O requires the following numbers and sizes of allowable steady

 states (each root P yields a pair of steady states):

 v "large" (compared to 8-eu-):

 1 -y~~~~~~~/

 -A ((i) one large (upper sign) and one small 0(8- ,v) root
 V > 1 _ 2 d (lower sign) if 8 + tv > 0,

 (ii) one large root (upper sign) if 8 - Auv < 0;

 V,< P2 <f(i) no roots if -lv>0,
 1 - U t (ii) one small 0(8 - ,uv) root (lower sign) if 8 - ,uv < 0.

 v+ + 2 "small' (compared to 8- ,uv):
 1 -,u2

 All positive roots, where they exist in the neighborhood of p(l), are
 small. Thus, near p(l) where the boundary between steady states and no
 steady states is tangent to the linear stability boundary L('), the possibil-
 ity arises of multiple pairs of small-norm steady states. The exact orders

 of magnitude of the roots depend on the relative orders of magnitude of

 8-suv and v+IA a(1-p2)'
 Near the solid part of L(2): From (3.2) we derive

 (3o4) .(l ) p = +A - )V+A- A) I '. + 8 1 1
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 NONLINEAR DYNAMIC THEORY 877

 Clearly, from (3.4), there are never any roots which are small with 8-

 ((o- + 1)/(o- + ,u))v. Note that the point of tangency p(2) in Fig. 1 is the only point on
 L(2) where the square root in (4.5) vanishes. Thus p(2) iS the only point on L(2)
 where just one pair of steady states exists.

 Near P(?): We see from (3.2), for v and 8 small, there is always one large root
 (upper sign) and, where a second root (lower sign) exists between the parabolic

 curve and L(l), it is small.
 In Fig. 1 we have indicated the number and size of the steady states in regions

 near the linear stability boundaries L(1) and L Using standard notation, "small"
 is denoted by o(1) and "large" by 0(1). The number indicates how many pairs of
 nonzero steady states exist.

 In Figs. 2-4 we show plots of bifurcation diagrams [4] of "norm of solution",

 llxll, versus bifurcation parameter. We chose as a measure of norm the positive
 quantity P given by (3.2) which, by (3.1) and [2], is the square of the steady fluid
 velocity. If we fix 8, then v serves as a bifurcation parameter, and Figs. 2-4 show P
 vs. v for different ranges of 8.

 lIlxll

 vc

 < (1)= A
 (1- 2)

 Vc

 FIG. 2

 From each point of the solid portion of L(1), a small-norm steady state
 bifurcates in the usual manner [4]. Figure 2 reflects the fact that if 8 is equal to or
 below its value S(1) at p(l), there will be no nonzero steady states as v increases
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 llxil

 4 =- s (1i < 6 + 0

 I \

 Vs 6 A2 4a
 Vs satisfies 6+A) --6 0

 Vs vc

 FIG. 3

 lixil

 0B'_ ~~~~~~~~~~~~v
 Vs vp vc

 6 > O

 vc=

 vs satisfies (I -6 + A) --(- ivS)=0

 VP C+1
 FIG. 4
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 NONLINEAR DYNAMIC THEORY 879

 from - oo, until the line L(1) is reached, where v attains the critical value vc = 8A.i7'.
 One solution then bifurcates from the zero solution at v = vc, its norm remaining
 small for v in a neighborhood of vc.

 In Fig. 3, 8 is above its value at p(l) and negative. As v increases from - o,

 there are no nonzero steady states until the value v = v., corresponding to the
 parabolic curve, is reached, at which point there is exactly one steady state. For
 larger v, there will be two pairs of steady states, though not necessarily of small

 norm. As v increases further, the value v = vc is again reached, and a small-norm
 bifurcation occurs from the zero solution in a subcritical manner. This solution is

 expected to be unstable. As v increases beyond vc, only a large-norm steady
 solution remains. Near the point p(l) in figure 1, v,, and vc are nearly equal. Thus,
 there are two small-norm solutions in this case for vs < v < vc, as can be seen from
 Fig. 3 with 8 8(1). In ? 4, we will show that the equations governing the
 approximate solutions near p(l) change from having cubic to quintic nion-
 linearities.

 The plot in Fig. 4 is for the case 8 > 0. Here, the situation as v increases fromf

 - oo to v. is as above. However, the point vp is reached before vc. This corresponds
 to the line L(2) (see Fig. 1 with 8 > 0). Since two imaginary eigenvalues of the linear

 matrix A of (2.3) exist on L we expect a periodic solution to bifurcate from vp.
 This is indicated by the wiggly line of Fig. 4. In fact, it is shown in ? 6 that such a
 small-norm, periodic bifurcation may not occur at all points on L We also note

 that vp and vc are nearly equal near the point P(O) in Fig. 1. This proximity gives
 rise to differing behavior near P(O) due to the fact that every neighborhood of P(O)
 contains points on both L(1) and L

 We now explain why the parabolic steady-state boundary in the v-8 plane of
 Fig. 1 must in fact be tangent to the linear stability boundary L(1). Let (v(1), 3(1)) be
 the point of tangency p(l) of Fig. 1, and suppose that the parabola and L(1) were
 not tangent at p(l). Then, starting from p(l), it would be possible to enter the
 region between L(1) and the parabola along certain straight lines in the VI-6 plane.
 Let the equation of one such line be given by

 (3.5) a(v - v(l)) + b(86 - 8(1)) = 0.

 Define the variable r by

 (3.6) X = c(V - V() + d(8- ), ad - bc 0.

 From (3.5) and (3.6) we can solve for v and 8 in terms of r, with r= 0
 corresponding to the point (v(l), 6(1)). In terms of r, the steady-state equations
 Ax+x4Nx 0 from (2.2) can be written in the form

 (3.7) (Lo +rL1)x + x4Nx = 0,

 where Lo and L1 are matrices determined from (2.2), (2.3), (3.5), and (3.6). It is
 easy to verify that

 (i) Lo has a simple zero eigenvalue,
 (ii) Lo + rL1 has a simple real eigenvalue , (r) such that , (0) =0, ,'(0) $0.
 By [10, Thm. (3.1), p. 269], there exists a one-parameter family x =X(E),

 r = T(E) of solutions to (3.7) such that x(0) = 0, r(0) = 0. That is, in any small
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 one-dimensional neighborhood of p(l), i.e., one restricted by (3.5), there cannot
 be two independent small-norm steady states bifurcating from the zero solution.

 However, earlier arguments in this section show that two steady states
 bifurcate from p(l). Thus, the parabola and L(1) must necessarily be tangent at P(l),
 thereby avoiding contradiction of the theorem. It is interesting that there are
 indeed two solutions bifurcating from p(lY, but this does not contradict classical
 bifurcation theory. This phenomenon is due to the occurrence of two small
 parameters describing proximity to the point p(l), not just one (such as r, above)
 which restricts the approach to p(l). In such a situation, the theory evidently differs
 from the single parameter case and is currently under investigation.

 4. Dynamic behavior near L"). We will now consider the time-dependent
 behavior of initially small solutions of (2.2) and (2.3) near the linear stability

 boundary 8 = gv, v < 0. We assume that the initial condition x(0) in (2.2) is of the
 form

 (4.1) x(O) = EXo, O <E<< 1,

 where E is some measure of the size of the initial vector x(0). If we define

 (4.2) u(t) = -x(t), O = 8 - v<< 1,

 then (2.2) and (2.3) become

 u=Alu+OBlu+Eu4Nu, u(0)=xo,

 -1 0 0 0 0

 0 -/ 0 0 0

 (4.3) A1= 0 0 -1 1 0

 O O v+ (0- +y -C 2VZ _ (+)) 0 0 _ _ _ _ _ kV

 0 0 0 1

 0 0 0 0 0

 0 0 00 0

 B1= 0 0 0 0 0

 0 0 0 0 -1

 0 0 0 0 0

 and the matrix N is given by (2.3). Note that A1 is the matrix A of (2.3) with

 8 = luv. We seek an asymptotic solution of (4.3) for E, 0 << 1.
 The solution of the linear system

 (4.4) u=Alu

 is given by
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 NONLINEAR DYNAMIC THEORY 881

 The first term on the right of (4.5) is an arbitrary multiple, a, of the vector

 (0,0, 0, p3, 1)T which is the eigenvector of A1 corresponding to the zero eigen-
 value of the linearized system on L(l). The other terms on the right of (4.5) are
 decaying terms which correspond to the remaining eigenvalues of A1, with
 negative real parts on L(1). In our subsequent analysis, we will ignore these terms.

 To investigate deviations of (4.5) caused by the small terms in (4.3), the
 constant multiple a is assumed to be a slowly-varying function of time. Since

 boundedness must be invoked, the following result is useful: If j = (,8 1, * * *, 15)T
 is a constant vector, then the most general solution, bounded as t -* oc, of the
 inhomogeneous linear equation

 (4.6) v-Av= + (decay)

 is given by

 (4.7) v= a(, 0, ,, ,, 1) (decay) + (/3I, L1323 f383 -/35 , O?)s,
 providing that

 (4.8) P4+ (V +1 _")P3-(V+t a+1 )5 = 0.

 The condition (4.8) prevents the appearance in (4.7) of a term linear in t.
 We will use an asymptotic procedure similar to that in [7], [13], and [14],

 related to that in [18], and used successfully in [15].' We represent the solution of
 (5.3) in the form

 (4.9) u-a(t)(O, 0, pg,u , 1)T+ (decay)+ Y e0U'u)(t; a),
 i,j=O
 i+j>O

 where

 00

 (4.10) di = E 'iJa(Lj).
 i,j=o
 i+j>o

 From (4.9) we find

 co

 (4.11) tilci (t)(0, 0, pk, A, 1) T +(decay)+ E E ai[u(i)+dU(ij)1
 i,j=)O
 i+j>O

 where u(ii) and u(ii) are partial derivatives of the vector u(ii) with respect to t and a,
 respectively. Using (4.10) and (4.11) in (4.3), and equating coefficients of e 0', we
 find the u(ii) satisfy the following recursive system of equations:

 (4.12) Lu(1o)=u(10)-Aju(10)= ac (10)(0, 0, ,u, ,x, 1) T _ta 2(tk jj 0~ 0~ ?)T

 (4.13) Lu 01) = - a?0(0, 0, pX, A, 1)T-a(0, 0,0, 1, 0)T,

 (4.14) Lu(20) -a(20)(0, 0, / , ) -a Ua
 -au(10)( 1, 0, O, ?)T

 ' See [11], [12] for an alternate procedure using multiscaling.
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 Lu( 1)= -a!(l o, 11( 1)T-a(Ol)u(lO) - a(I) (O)

 (4.15) + 0 P"aU~1 A au$ a1 U1 (4.15) ~+B u (10) +jNu(?1)-au(?l)(A, 1, 0, 0, O)T,
 (.6 U(02)=-(02')O A,,, 1)T -a (01)u(01) +Blu (01

 Note that the operator L is defined in (4.12).
 Each of equations (4.12)-(4.16) is of the type (4.6). Therefore, applying (4.7)

 and (4.8), we can derive from each of (4.12)-(4.16) a boundedness condition, from
 which we can determine the a (i') in (4.10), and a solution consisting of a bounded
 particular solution plus an arbitrary multiple of the solution to the homogeneous
 equation Lv= 0. We explicitly neglect the homogeneous solutions in each of
 (4.12)-(4.16). Thus the homogeneous solution is represented solely in the first
 term on the right side of (4.9). This arbitrary choice is related to that used in
 certain applications of the method of averaging [7].

 Proceeding in this manner, we can compute a (10), a (01), u(10), and u(?l) from
 (4.12) and (4.13). Then we compute a((20), a (11), and a((02) from (4.14)-(4.16),
 noting that u(20), u(11), and u(02) are not needed for this purpose. Substituting into
 (4.9) and (4.10), using (4.2), and defining

 (4.17) R = ea,

 we find the formal asymptotic description for the solution x(t) of (2.2) is given by

 (4.18) x(t)-R(t)(O, 0, 9, A, 1)T+ (decay) -R2(t)(Gt2, 1 0, 0 O)T
 (4. 18) ~~+ v-1(1 - ,4)-l ( - ,uv)R (t)(O, O, 1 -,1, O)T + ***

 where R (t) satisfies

 dR = 8 R[(6-V) +(V(1 _ ) + A)(8 _,v)2] (1)+ v3(1-/) 2

 (4.19) J/( v(l) 2 + A]R3, 6-aV << 1,

 (4.19) v(1-)

 R(O) = 0(6).

 Note that the coefficient of R in (4.19) is the first two terms in powers of 8 - ,uv, of
 the linear growth rate near the stability boundary L(1) (see (2.7)).

 From (4.19) and its solution we can deduce the following results:

 v- 1 )+ ,A<0:
 (a) R (t) (and thus x(t)) decays to zero for 8- ,uv > 0. This is expected since

 this case is in the globally stable region above L(') and to the left of the
 parabolic arc.

 (b) R(t) grows to an (8- ,u'I/2) steady state when 8 - luv < 0. This is the
 unique o(1) steady state indicated in Fig. 1.

 v(l - i2) +4A >0, V < :
 (a) If 8 - uv > 0, then, depending upon the size of the initial condition, R

 may decay to zero or become large. This is a typical result in a subcritical
 region. The fact that R gets large merely means that no nontrivial o(1)
 solution exists in this region, as is indicated also in Fig. 1.
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 NONLINEAR DYNAMIC THEORY 883

 (b) If 8 - ,uv < 0, then all solutions to (4.19) get large. This again indicates no
 nontrivial small steady state. In fact, the solutions would be expected to
 grow until they reach the 0(1) solution indicated in Fig. 1.

 We note that (4.19) is not valid near P(O) where v -> 0. In addition, it breaks

 down near the point p(l) on L(1) where v(1 - ,) + xA= 0, since the coefficient of
 R3 in (4.19) is small also. We overcome this difficulty by calculating additional
 terms in the expansions (4.9) and (4.10). Merely listing the outcome of the
 calculations, we find that the solution of (2.2) is given asymptotically by

 (4.20) 3
 (*)x(t) - R(t) (0, O, t, t, 1) '+ (decay) + E (-vix)(R)+ ***

 j=O

 where the vectors x(/)(R) are given in Appendix A. The amplitude R(t) now
 satisfies

 dR )+ (8 _)2(V(1 _ ) +) +K5(8 _- V)3 +K6(8- 1
 R (1-1-UV)

 (4.21) 3 -RV(1 _ 2) 7 IV) + 0((86 _,V)2)] + KR

 R(0) = 0(e),

 where

 K= 2 2[,13(V(l - t) + o-+ )(3A -2,uv) +2v((v- -)(1 - g) + -+ )]

 (4.22) 3
 +3 [v(1 _2) + iA][V(1 -A)(1 +A) + A].

 The quantities K5, K6 and K7 are given in Appendix A, and the quantity indicated
 as 0((8 - twV)2) in (4.21) has been computed in the procedure but is quite long and
 is not reproduced here.

 We observe from (4.21) that new small terms have been added to the R and
 R3 coefficients of (4.19) and that an R5 term appears. The coefficient of R is again

 the expansion for small 8- / v of the linear growth rate near L(1). Away from p(),
 where v(j-,u2)+tLA = 0, the coefficient of R3 in (4.21) is not small, and the R5
 term produces only small corrections to the evolution of the amplitude. However,
 this term is vital near p("). At p(l) where v = -,A(1 -,u2)-1, K has the value
 -(1+,u)m2A', from (4.22). Therefore, by continuity, K is negative close to
 p("). It then follows that in a neighborhood of p(l), specifically between the
 parabola and the solid portion of L(1) in Fig. 1, there are two small zeros on the
 right side of (4.21). These correspond to the two additional o(1) steady states
 indicated in Fig. 1. For small enough initial conditions, the solution of (4.21) in this
 region will decay to zero, a result of the linear stability of the zero solution.
 However, for "large enough" initial conditions, R will proceed to one of the two
 additional steady states mentioned above, the other one being unstable. This is of
 course typical of the situation in a subcritical regime, as discussed below (4.19).
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 The difference here is that for o(1) initial conditions, the solution will never grow
 away from the o(1) regime, as it could for parameters not near P(').

 We note that a value of R = R which causes the right side of (4.21) to vanish
 must correspond to a steady convective solution. From (4.20), (A. 1) and (A.2), the

 fourth component of the steady solution is

 (2 = 2R2 2 A3 (v(1_-1)+A)R4+ 0(A6)1

 (4.23) +(8-/2 ,)[ R+O(R
 + (S - AV)[ A1Z) R2 + O(R4) (6Z)

 Combining (4.23) with an expression for R (obtained from (4.21)) which is valid
 away from the neighborhood of p(l), we obtain

 4 2 A -AV) 4+ _ 2 2[V(1 _ A) + (A + 1)(-+ A)]
 (424 X =[V(1_- 2) +AA] V2 [V(1 _ 2) + AA3

 + Q((-_ V)3).

 Equation (4.24) is precisely the expansion of the exact steady solution, correct to

 -((8 _-V)3), obtained from (3.1) and (3.3). It is interesting to observe that the
 expression for the coefficient of the quintic term in (4.21) is necessary to compute
 the O((8 _ ,V)2) term in (4.24). Thus, the R5 term is meaningful even away from
 the point p(l), in the sense that it provides necessary higher-order corrections to
 the steady state.

 5. Dynamic behavior near L(2). We next consider the behavior in time of
 solutions of (2.2) and (2.3) satisfying (4.1), near the linear stability boundary

 8 = ((o- + 1)/( +,u)))v, v > 0. In analogy with the development in ? 4, we define

 (5.1) u(t)- = 'x(t), ( o- + )v<< 19

 where the small parameter vq is a measure of distance from the line L The
 analogues of (4.3) and (4.6)-(4.8) are

 u = A2u + qB,u + eU4Nu, u(O) = xo,

 -1 0 0 0 0

 O/ . 0 0 0

 (5.2) A2= 0 0 -1 1 0

 0 0 V++ _ O(+1)( +A2(o+/))

 0 0 0 1 -

 (5.3) v-A2v= I et+'y eiwt+(c.c)+(decay),
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 v=ae 0'(?0?, + iA ,/k+ iA, l) +e 1+iA91 +iA9 1 +iA X -05> ?)
 (5.4)

 it Yi Y2 Y3 +F Y5 +FT +eiw\ 1+.' +r2 73 +r +(c.c)+ (decay),

 (5.5) ( + AM - iA83 + (1 - 0184 - (0f+ 1)(A - iA)5 = 0,

 in which j and -y are complex 5-dimensional column vectors, (c.c.) denotes
 complex conjugate, (decay) denotes decay terms, the real quantities A and w
 satisfy

 (5.6) ( , w+A,

 a is an arbitrary complex constant, and r is given by

 F = [(1 -p,u)( + iw)(A2-_ w2)'-1

 (5.7) *[(- + /)(1 +A2)(' + iw)y3 + (1 - )(1 + iw)(A + iwJ)y4 - (u + 1)

 *(A2 +A2)(1 + iW) Y51 -

 We deviate from the procedure in ? 5 by relating the small parameters rq and
 E through the equation

 (5.8) ks.

 The quantity k is carried along as a parameter and, in the end, is recombined with

 E and replaced by rq. We emphasize that (5.8) is used for convenience only and is
 not at all necessary. The equations corresponding to (4.9) and (4.10) are

 (5.9) u - a (t) eiAt( O, 0l + li,,u+UiA 1) + (c.c.) + (decay) + E su(j)(t; a, ai),
 1 +iA 9 ~~~~~~j=1

 00

 (5 .10) di (t)- E awt()
 j=1

 The first two terms on the right side of (5.9) are the solutions of the homogeneous
 system u - A2u =0 that correspond to the imaginary eigenvalues ? iA, while the
 (decay) terms in (5;9) correspond to the remaining eigenvalues of A2 with
 negative real parts.

 Proceeding in a manner analogous to ? 4, we list the results in Appendix B. If
 we define the real functions R (t) and +if(t) by

 (5.11) Ea(t) =R(t)8 (t),
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 then from (5.1), (5.9), and (B.1) we have for the solution x(t),

 x(t) -R (t) e'(,kt+4,t)) (09 0, GI + iA)( +iAW-% A + 1)T

 + - (p1) 1)[2A (A - iA)(1 + iA)]-'R (t) ei(At+1(t))

 (5.12) .(0, 0, l-/, (1+iA2), O)T
 - (px + iA)R2(t) e2i(At+It)((p + iA)

 (1 +iA)-'(1 +2iA)f', (/ +2iA) ', 0, o, o)T

 +(c.c)+(ecay)-22(t)(( 2 +A 2)(1 +2)-11 1 0~ 0 0)+

 From (5.8), (5.10), (B.2), (B. 3), and (5.11), R satisfies

 dR R1A(-(C1/(+)- 3 (14 2+Ak2)f(A) -R3+
 dt 2(A2+A2) 2(A2+A2)(1 +4A2)(72+4A2)

 (5.13) U?+,u)

 where R(0) = 0(s) and

 f(A) = 4oA- [7,uA + 2cA + 2cr (cr + ,)]A 2
 (5.14) Ar+

 Note that to the order of terms calculated, the oscillation at frequency A
 appears only in the last three components of x in (5.12), while the frequency 2A

 oscillation is present only in the first two components of x. The phase +(t) obeys an
 equation similar to (5.13) with the right hand side depending only on R. It is not
 reproduced here since its effect is just to introduce a slow variation in the phase of
 the oscillations. We note that (5.12), and thus also (5.13), cannot be valid when
 A = 0, which from (5.6) corresponds to v = 0.

 From (5.13), the behavior of f(A) (in particular its sign) is crucial in determin-
 ing the evolution of the small-norm periodic oscillation, at frequency A, near L
 From (5.6) f is quadratic in v, and it can be shown thatf has only one real positive
 zero in v at the value

 (3) __+
 ' - -A)

 (5.15)A8o-(1-p.)
 [ 7yA+2ur(A+y(dr+p,A))

 +[7,tA+2or(A +(O.+1))]2+ 16 A(A+4t(or +p))]112].

 This is just the abscissa of the point labeled p(3) in Fig. 1. It is also easily shown that

 (5.16) v(3) > v(2)

 and thus p(3) lies to the right of p(2) in Fig. 1.

 We can now ascertain the following behavior of solutions of (5.13):
 Y (3):

 (a) Close to and above the line Lp2, i.e., 8> ((o + 1)/(o + /))z, the coeffi-
 cients of the R and R3 terms in (5.13) are negative. Thus an initially small
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 disturbance approaches zero as t - oo, exponentially but with superposed
 oscillations.

 (b) Near and below L where 8 <((v- + 1)/(o- + ,u))vP, a small-norm distur-
 bance grows, in an oscillatory manner. To leading order, the components
 X3, X4, and x5 of x of (5.12) attain an oscillation with frequency A given by

 (5.6). The amplitude of the oscillation is small, of order (18 -
 ((O+ 1)/(o.+,u))VIJ)1/2, and is given by the nonzero value of R which
 causes the right side of (5.13) to vanish. These results for v <V(3) are
 typical of so-called Hopf bifurcation [8].

 v> v (3:
 (a) Close to and above L 2) where 8 > ((o- + 1)/(o- +,u)) v, the coefficient of

 the R term in (5.13) is negative but the coefficient of the R3 term is
 positive. In this case, typical of subcritical instability, initially very small
 perturbations decay to zero, while somewhat larger ones grow out of the
 small-norm regime. The size of initial perturbations which demarcates
 this behavior is evidently not easily specified, since x is a five-component
 vector.

 (b) Near and below L(2), (5.13) predicts that the solution x in (5.12) will grow
 out of the small-norm regime.

 The occurrence of the point p(3) on L(2) is particularly striking. The line L(2),
 where some eigenvalues of the linearized system become purely imaginary, is a
 prime location for possible bifurcation of periodic solutions. The above results
 indicate that, for v < I(3) , we will have "supercritical" Hopf bifurcation, in which
 solutions near and to the right of L(2) will proceed to a stable, small-norm periodic
 solution. However, for v > p (3), we have "subcritical" Hopf bifurcation, for which
 all solutions grow out of the small-norm regime. This behavior is, of course, a
 nonlinear time-dependent phenomenon and could not have been ascertained
 from the discussions in ?? Z and 3. Numerical calculations of the complete system
 (2.2) indicate that small-norm disturbances evolve differently for large time
 depending on whether v is less or greater than V(3). Further investigations are in
 progress and will be reported elsewhere.

 The point p(3) is also interesting in view of calculations by Sani [9] for
 double-diffusive convection with the Navier-Stokes equations. Bifurcation in the
 Navier-Stokes problem has a structure remarkably similar to that in our fluid-
 loop model. There are direct analogues of our linear stability boundaries L(1) and
 L(2), and our parabolic global stability boundary is exactly the same as found by
 Joseph [3]. Moreover, Sani's calculations using the Stuart-Watson method pro-
 duced a point analogous to p(l), where the coefficient of the cubic term in the
 amplitude equation for steady bifurcation vanishes. However, Sani did not
 discover the existence of a point analogous to p(3), finding instead a result
 corresponding to f(A) 0. A reinvestigation of the problem with the Navier-
 Stokes equations will also be reported later.

 6. Dynamic behavior near P(O). Setting 8 = v = 0 in (2.3), we can easily show
 that the linear matrix A has a double zero eigenvalue, with only one eigenvector.
 We cannot proceed as in ?? 4 and 5 since the leading-order term in a formal
 asymptotic expansion would necessarily have a linear growth term in t. To
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 overcome this difficulty, we first make a change of variables and then scale the new
 vaTiables appropriately so that the new leading-order linear matrix has a double
 zero eigenvalue and two linearly independent eigenvectors corresponding to it.
 This is equivalent to what was done in [15].

 We define the quantities vi, 1 ? i 5, by

 VlE-1 Xl 2- 1 -1 v1 = ?x1, V2=E? X2, V36 = X3,
 (6.1)

 V4 =? (-X3+X4), V5=? ( )[X3-(1- ,)X4- X5].

 We also define k1 and k2 by

 (6.2) 8 = k1e, v = k28,

 which is analogous to what was done in ? 5. The qtlantities k1 and k2will be treated
 as parameters in the calculations and replaced ultimately by 8 and P. Then, in
 terms of the parameter

 (6.3) 0 = O 1/2

 equations (2.2) and (2.3) become

 ir=Aov+(O, 0, 00 O, V3(V1-_ V2

 + 4BoV+ (0 0 0, V1V39 V4(V1 _ V2))

 + V[C0v+(-V2, --12 2 V1V3, -V1V49 0)T]
 (6.4) 3V kl(1 -)p. Tv5

 +O@- 4, (1-2p.)p2V3,4 + 3V59 0( 0+ ,0

 + +oo, ). V4v5, 0, 0,0 )
 (I (1-p.

 where

 -1 0 0 0 0 0 0 0 0 0

 0-, 0 0 0 00 0 0 0

 Ao= O O O 0 0 Bo =0 0 0 1 0,

 00 0 00 0 0 -K 0
 0 O 0 O (1+ )

 - k1(1 - p.)(1 + cr)
 -00 0 p2 0i
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 (6.5) 0 0 0 0 0

 0 00 0 0

 Co 0 0 0 0 0 K, = y 1 + o)(k, - Kk2)/

 o O O k 1(1 - u) o 2

 O O o O - kl(l - g)

 To solve (6.4) we assume that the solution has the form

 v~~~a~et(i00 0A( + o-)a3 )T e(0 2, , ,
 V aj e ( 1 ? ??' ( 1 )( + g) + a 2 e (0, 1, 0, 0,

 (6.6) +a3(0, 0, A, 0, K) +a4(0, 0, 0, 1, 0)T

 oo

 +0a5 Ae t(O, 0,0,0, l) + L (j)(t, ),

 where

 00

 (6.7) a _ E a0k)ok 1 j?< 5
 k=1

 The first five terms on the right side of (6.6) constitute the most general solution of
 the leading order nonlinear system derived from (6.4) upon setting 0 = 0. The
 terms involving a3 and a4 are multiples of the two linearly independent eigenvec-
 tors of Ao corresponding to the double zero eigenvalue. Note that the term in (6'6)
 involving a5 e-At is multiplied by 0-2 as a consequence of the scaling used in (6.1).
 The difficulty the scaling (6.1) overcomes is the occurrence of a double zero
 eigenvalue, with a single eigenvector, of the original matrix. However, because of
 the structure of this matrix, in particular the way the eigenvalue - A enters, the
 leading-order solution x of (2.2) will in general contain e -At terms. The scaling
 (6.1) estimates the fifth component of x, and thus the e-At terms, as small of order
 02. Therefore, this scaling must be revised by a 0-2 factor in the e -t term of v5,
 and the 0-vY-) term in (6.6) is of course needed in order to accommodate the 0-2
 term.

 Our calculational procedure here differs somewhat from those in ?? 4 and 5,
 because we must now perturb from a nonlinear system instead of a linear system.
 For this reason, we show the calculation of the 0-1 terms in (6.6). The equations
 governing them are:

 (6.8) (j-l)+ v(l1) = 0,

 (6.9) v2tl) + gv2 1) = 0,
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 (6.11) V(-1) - 5 -At_ (-1) (-1)

 V5t ) (_51)= (a1) e-At (_f1) v5 +Av5 -a5 e +KV3

 (6.12) + (1 + o)[V(-l)(ai e-t' _ 2a2e e-jt + vM_o 2 j2(0))

 + (V-' 1 p7v2)(Aa3 + V3?) +0) + v_')(v -_ 2V(p1v)]

 Solving (6.8)-(6.11) we get

 V(-1) =,8, e-t, v 1) =82 e-t V3_ ) =183,

 (6.13) 241=4A1z 3-tl33et v47' =J84-i&V1a5 e-&t+p1p13 et,

 where f3i (1 - i ?-4) are constants of integration. The appearance of v 1,2 ,3 on the
 right side of (6.12) indicates that the asymptotic sequence of equations is not a
 closed system. However, using the results (6.13), we can eliminate the v(?) terms

 from the right side of (6.12) (and close the system) by choosing

 (6.14) 1p1 = 182= 1833 = O

 which yields

 (6.15) (-1) 2-1 3-)

 We note that results analogous to (6.14) arose in ?? 4 and 5 by eliminating the
 homogeneous solutions of the basic linear system.

 With (6.14) we can solve (6.12) and obtain the bounded vector

 (6.16) v =P4(0, 0, 0, 1, O)T +p5 e&t(O, O, O, O, 1)T
 ( )+e-At(0O 0, 0, -A'1a5 O)T,

 (6.17) a5 9

 where condition (6.17) follows from requiring boundedness of v Since the first
 two terms on the right side of (6.16) are precisely of the form of the fourth and fifth
 terms on the right side of (6.6), these terms should be eliminated in order to
 continue the analogy with requirements in previous sections, i.e.,

 (6.18) P4=-p5= 0.

 We remark that the v(?) term as well as the v(-l) term on the right side of (6.6) can
 be shown to consist of decaying terms, and that the O('-1) and O(0-2) terms in
 (6.6) are no bigger than 0(?) in x (see (6.1)). Thus, the terms of principal concern
 in (6.6) for the dynamical behavior near P(O) are those involving a3 and a4.

 Proceeding as above, we find without further complications that the equa-
 tions governing the time behavior of a 3 and a4 decouple from those governing a 1,

 a2, and a5. Eliminating a4 to obtain a single second-order equation for a3,
 defining an amplitude function R by

 (6.19) R &a3O2,
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 and using (6.2) and (6.3), we see that R satisfies the nonlinear equation

 R -+( A2) O-( + )1)
 (6.20)

 +( Ay )[ + A-3(ffy_ 6- R )V]-3=o,

 and the solution vector x, to the order completed, satisfies

 (6.21) x(t)= (0, 0, R, R +R, ,u2(AR -(1 _4,u ))T+ (decay).

 We omit the calculation of initial conditions on R, from (2.2), (6.1), and (6.6),
 since the qualitative features of solutions of (6.20) can be discussed without
 explicit initial conditions. Note that the linear growth rates, obtained by ignoring
 the R3 term in (6.20), are determined by the quadratic

 (6.22) +5 -v)AO+o
 + 1+A-3 ~~~~~0,

 which is exactly the first few terms of the linear growth rate equation given in
 (2.10) and (2.11). Also, if the scaling (6.1) were not made, then a restriction on the
 initial conditions similar to that discussed in [15] and [16] would be necessary to
 eliminate a linear time growth term.

 A simple phase plane analysis of (6.20) reveals the following characteristics
 of the time behavior of the amplitude R (t):

 (a) On and below the solid portion of line L (1), and below the solid portion of
 line L(2), almost every solution of (6.20) is unbounded. The only exceptional
 solutions are those represented by separatrices in the phase plane, i.e., a few
 trajectories in the phase plane which enter unstable singular points (correspond-
 ing to the zero solution and, above the dashed portion of L(l), the unstable
 small-norm steady solutions). The fact that solutions of (6.20) become unbounded
 only means that there are no small-norm solutions of our original system.

 (b) On the solid portion of line L(, stable periodic solutions of small norm
 exist. This is not unexpected, since on L(2) the linear matrix A has conjugate
 purely imaginary eigenvalues. However, there are also unbounded solutions here.
 Thus, the zero solution is stable (but not asymptotically stable) to small enough
 perturbations and unstable to sufficiently large perturbations.

 (c) Above the solid portions of both L(1) and L(, the zero solution in the
 phase plane is a stable spiral or nodal point. This is due to the fact that this region is
 inside the linear stability boundary. Sufficiently large perturbations will become
 unbounded, however.

 In the context of these results, it is very interesting to recall that near the solid
 portion of L(2), but away from P(O), bifurcation of the Hopf type occurs. That is,
 away from P(O) and below L(2), a small-norm periodic solution exists. The
 situation is quite different near P(O). Evidently, as P(O) is approached the stable
 small-norm periodic solution, which exists below L(, is affected by the existence
 of the double zero eigenvalue at P(O) and evolves out of the small norm regime.
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 It is also worth mentioning that below both solid and dashed portions of L"),
 the phase plane analysis shows that solutions of (6.20) become unbounded

 without oscillations. Thus, below L"), the oscillatory nature of the bifurcation is
 completely absent. Above L('), on the other hand, there are at least vestigial
 elements of the oscillatory character of Hopf bifurcation, even though strictly
 periodic solutions of small norm exist only on the solid portion of L(. Moreover,
 on this solid portion of L(, there are infinitely many small-norm periodic
 solutions, unlike the situation below L(2) away from P(O), where an oscillation of
 given amplitude exists (see (5.13)). Finally, note that near the solid portion of L"),
 (6.20) is in some sense the limiting version of (4.19). This connection cannot be
 rigorously valid, since (4.19) obviously fails as v approaches zero. However, if in
 (6.20) the R term is deleted and 8 is assumed close to ,uv, then the terms in the
 resulting equation correspond naturally to terms in (4.19).

 It is anticipated that analogous results to those in this section apply near the

 point corresponding to P(O) in the appropriate parameter plane for double
 diffusion with the Navier-Stokes equations. Calculations for the amplitude equa-
 tion near this point were made by Sani [9] using the Stuart-Watson technique.
 Sani did not construct a second-order equation analogous to (6.20). Instead, he
 found a first-order equation with certain coefficients that became singular
 approaching the analogue of P(O). We believe the occurrence of a double zero
 eigenvalue necessitates an amplitude equation of the type (6.20) for the problem
 with the Navier-Stokes equations, and the derivation of it using procedures
 similar to those presented here will be reported elsewhere.

 Appendix A. The functions appearing in (4.20) are given by

 X(0)= -R2(t)(02, 1, o, , o)T_ 2V-1(1-yl

 * 3(t)(0, 0, /A(l1-), (-u+, )

 + V71(1 - )-'R4(t)(Agt3(2 - 3g) -_3v(j_-)(1 + 2g),

 -,u /\-(l -, /)(2 + /), 0, 0, 0)T,

 X( v'(1-1i)-'R(t)(0, 0, 1-, 1, O)T

 (A.2) + V'1(1 -)R2(t)(Q(3g -2), , 1, 0, 0, 0)T

 -() v 3(1-,u) 3R3(t)(0, 0, K2, K0, o)TI

 x (2) = v-3(1-_,u)-3 R(t) (0, 0, (1 - u) A, v(1-_u) +A, O)T

 -R2(t)v-3(1-_)-3(K3, K4, 0, 0, 0)T,

 X((3) = V-5(1-_)-5R(t)(0, 0, (1- t)(2A2+v(1-j)(j+A)),

 (v(l _ g ) + A)2 + V(1 _)(1 + A) + A2 0)T

 where

 (A.5) K1 = v2(1 )2(1 -2g ) + v(1 -g)(6,u +A(1 +2,u)) +4, A2,

 (A.6) K2= (1 - g)[v(l - g)(6,u + A-2 2gA)+4,u/A2],
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 (A.8) K4 =y2V1F(-)F]

 The constants K5, K6 and K7 in (4.21) are

 (A.9) Ks = v-5( _A)-5[(v(1 _ A) + A)2 + V(1-)(A +1) + A2],

 (A.1O) K6 = v-7(1 -_ )-7[(A+ v(1 -_)3+(3A +2)(A+ v(1l _)2
 + (2-A + 2v(1 -,))(A + v(l-,u) -A2],

 (A. 1 1) K7 A-V -3(1-/)-3KJ

 Appendix B. The functions u(i) appearing in (5.9) and the constants am in
 (5.10) are given by

 u(1) = [2A (A - WO( +tA)-lka e'At(O, 0, 1y (1 + iA)29 O)T

 (B.1) -(,a + iA)a2 e IA( + iA)
 (l + iA) 1(l + 2iA)-' (A + 2iA) 19 o, o, O)T

 + (c.c.)-2ja 2(( 2+A 2)(1 +A 2), 1, 0, 0, O)T

 (B.2) a(1) = k[2A (A- iA)] 1(1 + iA)a,

 a (2) = k2(1 + iA )(,& A 2 + iA (2 - a-,))[8A 3(A-_ij)3]-1a

 (B.3) -3i1 [(, +A2)(1+2iA)(At+2iA)(l1+iAj)

 T tA (A + iA )(h + 2cm u )(t + 2iAs )qu let 12.

 The vector u (2) has been computed and is quite lengthy.

 REFERENCES

 [1] J. S. TURNER, Buoyancy Effects in Fluids, Cambridge University Press, London, 1973.
 [2] W. L. SIEGMANN AND L. A. RUBENFELD, A nonlinear model for double-diffusive convection,

 this Journal, 29 (1975), pp. 540-557.

 [3] D. D. JOSEPH, Global Stability of Fluid Motions, Tracts in Natural Philosophy, Springer-Verlag,
 Berlin, 1976.

 [4] D. SArTINGER, Topics in Stability and Bifurcation Theory, Lecture Notes in Mathematics,
 Springer-Verlag, Berlin, 1973.

 [5] I. STAKGOLD, Branching of solutions of nonlinear equations, SIAM Rev., 13 (1971), pp. 289-
 332.

 [6] G. H. PIMBLEY, JR., Eigenfunction Branches of Nonlinear Operators and their Birfurcations,
 Lecture Notes in Mathematics, Springer-Verlag, Berlin, 1969.

 [7] V. M. VOLOSov, Averaging in systems of ordinary differential equations, Russian Math. Surveys,
 7 (1972), no. 17, pp. 1-126.

 [8] E. HOPF, Bifurcation of a periodic solution from a stationary solution of a system of differential
 equations, Berichten der Sachsischen Akad. der Wissenschaften, Liepzig (1942).

 [9] R. L. SANI, On finite amplitude roll cell disturbances in a fluid layer subjected to heat and mass
 transfer, A.I.Ch.E.J., 11 (1965), pp. 971-980.

 [10] I. STAKGOLD, D. JOSEPH AND D. SATTINGER, Nonlinear Problems in the Physical Sciences
 and Biology, Lecture Notes in Mathematics, no. 332, Springer-Verlag, Berlin, 1973.

 [11] B. MATKOWSKY, A simple nonlinear dynamic stability problem, Bull. Amer. Math. Soc., 17
 (1970), pp. 620-625.

 [12] S. KOGELMAN AND J. B. KELLER, Transient behavior of unstable nonlinear systems with
 applications to the Bernard and Taylor problems, this Journal, 20 (1971), pp. 619-637.

This content downloaded from 168.172.0.254 on Thu, 13 Dec 2018 20:00:37 UTC
All use subject to https://about.jstor.org/terms



 894 L. A. RUBENFELD AND W. L. SIEGMANN

 [13] J. T. STUART, On the non-linear mechanics of wave disturbances in stable and unstable parallel

 flows, Part 1, J. Fluid Mech., 9 (1970), pp. 353-370.
 [14] J. WATSON, On the non-linear mechanics of wave disturbances in stable and unstable parallel

 flows, Part 2, Ibid., 9 (1970), pp. 371-389.
 [15] L. A. RUBENFELD, Nonlinear dynamic buckling of a compressed elastic column, Quart. Appl.

 Math., 32 (1974), pp. 163-171.
 [16] E. REISS AND B. MATKOWSKY, Nonlinear dynamic buckling of a compressed elastic column,

 Ibid., 29 (1971), pp. 245-260.

 [17] L. A. RUBENFELD, On a derivative -expansion technique and some comments on multiple scaling
 in the asymptotic approximation of solutions of certain differential equations, SIAM Rev., to
 appear.

 [18] R. A. STRUBLE, Nonlinear Differential Equations, McGraw-Hill, New York, 1962.

This content downloaded from 168.172.0.254 on Thu, 13 Dec 2018 20:00:37 UTC
All use subject to https://about.jstor.org/terms


	Contents
	p. 871
	p. 872
	p. 873
	p. 874
	p. 875
	p. 876
	p. 877
	p. 878
	p. 879
	p. 880
	p. 881
	p. 882
	p. 883
	p. 884
	p. 885
	p. 886
	p. 887
	p. 888
	p. 889
	p. 890
	p. 891
	p. 892
	p. 893
	p. 894

	Issue Table of Contents
	SIAM Journal on Applied Mathematics, Vol. 32, No. 4 (Jun., 1977) pp. 707-895
	Volume Information [pp. ]
	Front Matter [pp. ]
	On the Matrix Equations AX - XB = C and AX - YB = C [pp. 707-710]
	The Role of Master Polytopes in the Unit Cube [pp. 711-716]
	Power and Exponential Sums of Digital Sums Related to Binomial Coefficient Parity [pp. 717-730]
	Approximate Interpolation and the Sampling Theorem [pp. 731-744]
	Lagrange Distributions and their Limit Theorems [pp. 745-754]
	The Equations of Mechanical Equilibrium of a Model Membrane [pp. 755-764]
	Critical Multigroup Transport [pp. 765-777]
	Haploid Populations Subject to Varying Environment: The Characteristic Values and the Rate of Loss of Alleles [pp. 778-783]
	An Inverse Method for Determining Small Variations in Propagation Speed [pp. 784-799]
	Array Design for Measuring Source Depth in a Horizontal Waveguide [pp. 800-806]
	Sufficient Conditions for a Symmetric Chain Order [pp. 807-809]
	A Table of Discrete Fourier Transform Pairs [pp. 810-822]
	The Matrix Equation AXB + CXD = E [pp. 823-825]
	The Rectilinear Steiner Tree Problem is NP-Complete [pp. 826-834]
	The Complexity of Computing Steiner Minimal Trees [pp. 835-859]
	Discrete Isoperimetric Problems [pp. 860-870]
	Nonlinear Dynamic Theory for a Double-Diffusive Convection Model [pp. 871-894]
	Errata: Periodic Solutions of Volterra's Population Equation with Hereditary Effects [pp. 895]
	Back Matter [pp. ]





