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NONLINEAR DYNAMIC THEORY
FOR A DOUBLE-DIFFUSIVE CONVECTION MODEL*

L. A. RUBENFELD anp W. L. SIEGMANNY

Abstract. The dynamical behavior of small-norm solutions to a simple fluid-loop model describing
convection in a two-constituent fluid is discussed. Asymptotic techniques are developed to describe the
dynamic behavior of solutions near those parts of the linear stability boundary where one eigenvalue
passes through zero (exchange of stabilities), where two eigenvalues become purely imaginary
conjugates (Hopf bifurcation), and where two eigenvalues coalesce to zero.

1. Introduction. Double-diffusive convection denotes convective motionin a
fluid which possesses two density-altering constituents with differing molecular
diffusivities, such as certain motions in the oceans and some lakes where the two
properties are salt and heat. Of particular interest is the situation when, in the
absence of motion, constituent gradients are present which produce density
gradients of opposite signs. An excellent account of known properties of double-
diffusive convection in a Newtonian fluid is contained in a recent monogiaph [1].

In [2] a simple fluid loop model exhibiting double-diffusive convection was
derived and studied. In this model fluid was confined within a vertical circular loop
of very small cross-section and could flow only in the circumferential direction of
the loop. The loop was imbedded in a motionless medium with which it could
exchange “‘heat” and ‘“‘salt” at different rates, proportional to the instantaneous
difference of the heat and salt values in the medium and loop. Assuming an
incompressible Boussinesq fluid, and a viscous force proportional to the velocity,
a system of equations was derived in [2] for the time behavior of the fluid velocity
and the Fourier sine and cosine components of the salt concentration and
temperature. This system of five ordinary differential equations possesses a
“conductive” solution, i.e., one with no fluid motion and the same (linear) vertical
stratification of salt concentration and temperature in the loop as in the medium.
The deviations from this conductive state satisfy another system of five nonlinear,
coupled, ordinary differential equations, involving four dimensionless quantities.
They are a Prandtl number (o), two Rayleigh numbers (R and R,, associated with
temperature and salt concentration respectively), and a Schmidt number (u). The
Schmidt number was assumed to lie in the range 0 <u <1, reflecting the assump-
tion that the exchange of salt occurs at a slower rate than that of heat.

The aim of [2] was to investigate the region of the R-R, plane, for fixed o- and
u, in which the conductive state is globally stable. Using energy integral techni-
ques (see [3]), the largest such region was found and, moreover, it was proved that
all perturbations of the conductive solution in this region decayed to zero with
time.

The purpose of the present work is to investigate the evolution of the flow
near the linear stability boundaries. The problem is made interesting because two
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872 L. A. RUBENFELD AND W. L. SIEGMANN

parameters (R and R,) are required to define the linear stability boundaries,
indicated in Fig. 1 by the solid parts of the two lines L™ and L®. The notation in
this figure is explained in the next section, where the equations are formulated and
the linear stability results of [2] are summarized. The behavior of the eigenvalues
of the coefficient matrix of the linearized problem is also discussed near the
stability boundaries, as a prelude to the development of amplitude equations
governing small but finite-amplitude disturbances.

Steady “convective” solutions, i.e., motions independent of time with non-
zero fluid velocity, are the simplest states into which the conductive solution could
bifurcate. Starting from results in [2], we discuss this type of solution in § 3 for
parameter values near the linear stability boundaries. Diagrams (Figs. 2-4) of the
standard type are used to display the variety of possible bifurcations.

On line L™ of Fig. 1, there is a simple zero eigenvalue of the matrix of
coefficients in the linearized problem which gives rise to the simplest bifurcation
phenomena [4], [5], [6]. In § 4 we use a derivative expansion procedure (discussed
in [17]) to derive the amplitude equation governing the motion. It is also shown
there how this equation must be modified in a neighborhood of the point P,
Similarly, in § 5, appropriate amplitude equations are derived for the bifurcated
states in a neighborhood of the line L® of Fig. 1. On this line, two eigenvalues of
the linear matrix become purely imaginary conjugates, leading to so-called Hopf
bifurcation [8]. We show that near L®, and to the left of the point P of Fig. 1, a
stable small-norm periodic solution bifurcates, but that this cannot take place to
the right of P®.

In § 6, the dynamics near P of Fig. 1 is discussed. At this point, two
eigenvalues of the matrix of coefficients of the linearized system coalesce to zero,
and modifications of the method used near the line L must be incorporated. The
qualitative behavior of solutions to the amplitude equation are discussed.

We remark that this model permits a simple analytic analysis of the various
bifurcation phenomena which can be anticipated for the Navier-Stokes equa-
tions, without encountering the computational difficulties of that more realistic
fluid model. The results of § 5 concerning the point P® were unexpected and not
predicted by Sani [9], who considered the analogous problem for the Navier—
Stokes equations. Moreover, Sani’s calculations, using the Stuart-Watson
method, break down completely near the point P, since his results predicted
singularities in the coefficients of the amplitude equation there. The incorrect
description of the bifurcation near P” can be traced directly to the inability of the
classical procedure to handle the double zero eigenvalue. The resolution of this
difficulty for the Navier—Stokes equations follows in a manner analogous to that
for our loop model, as will be reported elsewhere.

2. Formulation and results of linear theory. It is convenient to define two
new dimensionless parameters § and v, in terms of the Rayleigh numbers R and
R, used in [2]:

pio+1)
1-p)

This translation moves the point P in the R- R, plane in Fig. 2 of [2], to the origin
in the v-§ plane.

2.1) u=aR—(—"—+Z—) 5=0R,~
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NONLINEAR DYNAMIC THEORY 873

In terms of the four dimensionless parameters o, u, » and §, equations (3.4) in
[2] become the matrix system

2.2) x= Ax+x,Nx, x(0) given,

where - denotes d/dt, x is a 5 X 1 column vector with components x4, - - -, xs, and
the matrices A (of coefficients of the linearized system) and N are

-1 0 0 0 0
0 - O 0 0
A= 0 0o -1 1 0 s
o+ (o+1)
0 0 vt - —a—“(l_u)
2.3) . 0 0 0 1 - K |
0 0 -1 0 07
00 0 0 -1
N=|1 0 00 01,
00 00 0
L0 1 00 0
with
(2.4) 0<o, o<u<l.

The conductive solution is x=0.

Certain principal features of the behavior of solutions to (2.2) and (2.3) are
depicted in Fig. 1. The solid parts of the lines L™ and L® separate regions of
linear stability and instability in the »-§ plane. The eigenvalues A of A satisfy

(2.5) A+DA+p)A2+AAZ+ (5 —p)A + (8 —ur)]=0,
where
(2.6) A=o+u+1>0.

These can be shown to possess the following properties:

To the left of both LY and L'®: All eigenvalues of A have negative real parts.
This is the region of linear stability, where all solutions of the linearized system
x = Ax decay to zero. It is possible, however, that solutions to (2.2) may not decay
to zero.

To the right of either L'V or L®: Some of the eigenvalues of A have positive
real parts, and some solutions of the linearized system grow exponentially in time.

On and near the solid part of L": On the solid part of L™ (8§ = uv, v <0), four
eigenvalues have negative real parts and one is zero (except at P©). The zero
eigenvalue corresponds to neutral stability, and by continuity, the four with
negative reat parts will retain this characteristic slightly away from L. By
investigating how the zero root of (2.5) behaves for § —ur < 1, and v <0, we
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o
L®
L
7
7
7
v
P9 (0,0) LWY:§ = py
P, . —”ZA) L?:§ = o 1v
==t ot u
P, (uA(o+ W pAo + 1)
Nol —p) " ol — p)
+ 1
P (v‘”_o——-v‘”) (see (5.15))
[

FiG. 1

easily derive that the small root A is

(1)=(5‘MV) (6 —uv)[v(1—p)+A]
CD A awt S

We note that (2.7) is not valid where » « 1, which corresponds to the point P’
discussed below. We also note that A is negative above the solid part of L™
(since » <0 and § — uv >0) and positive below. Thus there is exponential decay
above, and growth below, the solid portion of L™,

+0((6—wv)®), b&—pr«l.
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NONLINEAR DYNAMIC THEORY 875

On and near the solid portion of L®: On the solid portion of the line L®
(6={o+1)/(c+u))v, v>0), the roots of (2.5) are given by

— 1/2
2.8) N1, g -, £ A2]
otu

Near this part of L® the three negative roots retain negative real parts, and the
behavior of the imaginary roots A2 near L® is

A(iz)=i.[(1—u)v]l/2+(6—g+i,%v) —(A—l)il( +VS—:€)/Z N
()l * =)

ot+p

(2.9

+1
5— (" ) 3
o+tu
On L periodic solutions of the linear system exist. As before, (2.9) is invalid near
v=0.

At and near P©: At P© (§ =v=0), (2.5) has three negative and two zero
roots. The solution to the linear system may thus exhibit linear growth in time. To
determine the behavior of the zero roots near P?, we note that the small roots are
not analytic functions of § and » there. It can be shown that the two small roots A
of (2.5) satisfy the quadratic equation

(2.10) Adt+ar,+b=0, §rv«l
where
b-=v) B—pr) 6-v)* 3(6—v)E—-uv) 2(6—-uv)?
o= _( Ay)+(A3)—( 2(4 u)+(A£)+_“,
(2.11) "
b=(6—nV)+(6—v)(8—uV)_(6—uv) 4.
A A3 A*

Equation (2.10) will lead (see § 6) to a second-order amplitude equation describ-
ing the time evolution of the zero solution of (2.2) near P©.

3. The approximate steady states and bifurcation diagrams. It was shown in
[2] that the nontrivial steady state solutions of (2.2) are given by

Lpv2 EBP 1/2)
’ 2 >
u+P

-P —-P +PY?
1+P u’+P 1+P°

(3 . 1) xz;eady = (

where “T”’ denotes transpose and the positive quantity P is
(3.2)  Qo/u)P=(/p—8+8)=[(v/u—8+A)—(4a/u) (S —ur)]/2.

The steady states (3.1) exist in those regions of the v-8 plane where the right hand

side of (3.2) is real and positive. In the v-§ plane of Fig. 1, these regions are:
No convective steady states. On that part of L® lying to the left of P“); also to

the left of the parabolic curve and above L. (We proved [2] that this region of
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876 L. A. RUBENFELD AND W. L. SIEGMANN

linear stability containing no nontrivial steady states was a region of global
stability, wherein all solutions of (2.2) decay to zero.)

One pair of convective steady states. Below L; on that part of L") lying to
the right of P"; and on the whole parabolic curve.

Two pairs of convective steady states. In the region between the parabolic
curve and the line L. Note the three-sided region in Fig. 1 with vertices P,
PY, and P®, and the region above P*” between the parabola and L*”, where
additional steady states exist in the linear stability regime; these are regions of
subcritical instability, where linear theory predicts decay but finite-amplitude
disturbances may grow.

Approximate expressions for the steady states near linear stability bound-
aries are important for understanding the time behavior of perturbations of the
zero solution of (2.2). These expressions have the following form:

Near the solid part of L™: We obtain from (3.2)

(2_0' P=V(1—;L2)+;LA
I n

—(6—pv)
(3.3)

i[(v(l—y,22+ ph)? 20, v(l—u2)+uA)

2(6— ,u,V)( ,u. l‘«
172
+(8 -p.v)z] .

The condition P >0 requires the following numbers and sizes of allowable steady
states (each root P yields a pair of steady states):

v+ lli iz “large” (compared to 6 — uv):

v> —pA

(lower sign) if § +uv >0,

(i) one large root (upper sign) if 6 — uv <0;

{ (i) one large (upper sign) and one small O(8 —uv) root
1-u?

y< _l"AZ { (i) no roots if 6§ —ur >0,

1-p (ii) one small O(8 — uv) root (lower sign) if 6 — uv <0.

A
1—u?
All positive roots, where they exist in the neighborhood of PV, are
small. Thus, near P"’ where the boundary between steady states and no
steady states is tangent to the linear stability boundary L™, the possibil-
ity arises of multiple pairs of small-norm steady states. The exact orders

of magnitude of the roots depend on the relative orders of magnitude of
d—pvandv+uA-(1-pd)™"

v+

“small’ (compared to §— uv):

Near the solid part of L®: From (3.2) we derive

60 ()= [Ze -l (252 -o) volo- ()]
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NONLINEAR DYNAMIC THEORY 877

Clearly, from (3.4), there are never any roots which are small with §—
((o+1)/(o + w))v. Note that the point of tangency P® in Fig. 1 is the only point on
L® where the square root in (4.5) vanishes. Thus P*® is the only point on L®
where just one pair of steady states exists.

Near P©: We see from (3.2), for » and 8 small, there is always one large root
(upper sign) and, where a second root (lower sign) exists between the parabolic
curve and LY, it is small.

In Fig. 1 we have indicated the number and size of the steady states in regions
near the linear stability boundaries L and L®. Using standard notation, “small”
is denoted by o(1) and “large” by O(1). The number indicates how many pairs of
nonzero steady states exist.

In Figs. 2-4 we show plots of bifurcation diagrams [4] of ‘““norm of solution”,
[Ixll, versus bifurcation parameter. We chose as a measure of norm the positive
quantity P given by (3.2) which, by (3.1) and [2], is the square of the steady fluid
velocity. If we fix 8, then » serves as a bifurcation parameter, and Figs. 24 show P
vs. v for different ranges of é.

(I
t

From each point of the solid portion of L, a small-norm steady state
bifurcates in the usual manner [4]. Figure 2 reflects the fact that if § is equal to or
below its value 5§ at P(l), there will be no nonzero steady states as v increases
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NONLINEAR DYNAMIC THEORY 879

from — oo, until the line L™ is reached, where v attains the critical value v.= éu .
One solution then bifurcates from the zero solution at » = v, its norm remaining
small for » in a neighborhood of v..

In Fig. 3, 6 is above its value at P and negative. As v increases from — oo,
there are no nonzero steady states until the value v = v, corresponding to the
parabolic curve, is reached, at which point there is exactly one steady state. For
larger v, there will be two pairs of steady states, though not necessarily of small
norm. As v increases further, the value v = v, is again reached, and a small-norm
bifurcation occurs from the zero solution in a subcritical manner. This solution is
expected to be unstable. As v increases beyond v, only a large-norm steady
solution remains. Near the point P in figure 1, v, and v, are nearly equal. Thus,
there are two small-norm solutions in this case for v, <w <w,, as can be seen from
Fig. 3 with §=86". In §4, we will show that the equations governing the
approximate solutions near P" change from having cubic to quintic hon-
linearities.

The plot in Fig. 4 is for the case § > 0. Here, the situation as » increases froni
— 00 to v, is as above. However, the point v, is reached before v.. This corresponds
to the line L® (see Fig. 1 with 8 > 0). Since two imaginary eigenvalues of the linear
matrix A of (2.3) exist on L®, we expect a periodic solution to bifurcate from v,
This is indicated by the wiggly line of Fig. 4. In fact, it is shown in § 6 that such a
small-norm, periodic bifurcation may not occur at all points on L®. We also note
that v, and v, are nearly equal near the point P in Fig. 1. This proximity gives
rise to differing behavior near P due to the fact that every neighborhood of P©
contains points on both L™ and L®.

We now explain why the parabolic steady-state boundary in the v-8 plane of
Fig. 1 must in fact be tangent to the linear stability boundary L®. Let (™, V) be
the point of tangency P of Fig. 1, and suppose that the parabola and L were
not tangent at P‘”. Then, starting from P, it would be possible to enter the
region between L' and the parabola along certain straight lines in the »-8 plane.
Let the equation of one such line be given by

(3.5) aw—-v®)+b(s-8")=0.
Define the variable 7 by
(3.6) r=cw—vP)+d(6-85Y), ad —bc #0.

From (3.5) and (3.6) we can solve for » and 6 in terms of 7, with 7=0
corresponding to the point (¥, 89). In terms of r, the steady-state equations
Ax+x,Nx=0 from (2.2) can be written in the form

(3.7) (L0+'TL1)X+ X4Nx=0,

where L, and L, are matrices determined from (2.2), (2.3), (3.5), and (3.6). It is
easy to verify that

(i) L, has a simple zero eigenvalue,

(i) Lo+ 7L, hasasimple real eigenvalue u (7) such that u(0) =0, u'(0) # 0.

By [10, Thm. (3.1), p. 269], there exists a one-parameter family x=x(¢e),
7=1(¢) of solutions to (3.7) such that x(0) =0, 7(0)=0. That is, in any small
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880 L. A. RUBENFELD AND W. L. SIEGMANN
one-dimensional neighborhood of P® je., one restricted by (3.5), there cannot
be two independent small-norm steady states bifurcating from the zero solution.

However, earlier arguments in this section show that two steady states
bifurcate from P, Thus, the parabola and L must necessarily be tangent at P,
thereby avoiding contradiction of the theorem. It is interesting that there are
indeed two solutions bifurcating from P, but this does not contradict classical
bifurcation theory. This phenomenon is due to the occurrence of two small
parameters describing proximity to the point P, not just one (such as 7, above)
which restricts the approach to P, In such a situation, the theory evidently differs
from the single parameter case and is currently under investigation.

4. Dynamic behavior near L™. We will now consider the time-dependent
behavior of initially small solutions of (2.2) and (2.3) near the linear stability
boundary 6 = uv, ¥ <0. We assume that the initial condition x(0) in (2.2) is of the
form

4.1) x(0) = exg, 0<e«l,
where ¢ is some measure of the size of the initial vector x(0). If we define
4.2) u(t) =& 7'x(2), 0=06—ur«l,

then (2.2) and (2.3) become
u=Au+6Bu+eu,Nu, u(0) =x,,

—1 0 0 0 0 i
—u 0 0 0
(4.3) A,=l0 0 -1 1 0 ,
o+u) o+1
0 0 V+ﬁ -0 —MV—M(].(—[L))
| 0 0 0 1 —HK i
0 0 0 O 7
0 00
B,=[0 0 0 0 ,
0 0 0 -
LO 0 0 O 0

and the matrix N is given by (2.3). Note that A, is the matrix A of (2.3) with
& = uv. We seek an asymptotic solution of (4.3) for ¢, 6« 1.
The solution of the linear system

4.4) u=Au
is given by
4.5) u=a(0,0, u, u, 1)7 +(decay).
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NONLINEAR DYNAMIC THEORY 881

The first term on the right of (4.5) is an arbitrary multiple, «, of the vector
(0, 0, w, u, 1)7, which is the eigenvector of A; corresponding to the zero eigen-
value of the linearized system on LY. The other terms on the right of (4.5) are
decaying terms which correspond to the remaining eigenvalues of A;, with
negative real parts on L. In our subsequent analysis, we will ignore these terms.

To investigate deviations of (4.5) caused by the small terms in (4.3), the
constant multiple « is assumed to be a slowly-varying function of time. Since_
boundedness must be invoked, the following result is useful: If B = (B4, - - -, Bs)"
is a constant vector, then the most general solution, bounded as ¢ oo, of the
inhomogeneous linear equation

(4.6) v—A;v= B+ (decay)
is given by
@7 v=a(0,0,p,p 1)7 +(decay)+(B1, n B2, B3~ Bs, —B5, 0)",
providing that
ot+u
1-p
The condition (4.8) prevents the appearance in (4.7) of a term linear in ¢.

We will use an asymptotic procedure similar to that in [7], [13], and [14],

related to that in [18], and used successfully in [15]." We represent the solution of
(5.3) in the form

4.8) Bs+ <v+ )33— (u +,¢‘1r—j;1),35 =0.

(4.9) u~a(1)0,0, p, u, 1)T +(decay) + fo £'0u(t; a),
L]=
i+j>0
where
(4.10) a= -io e'¢a™.
L=
i+j>0
From (4.9) we find

(4.11) u~a(1)(0,0,u,pu 1)+ (decay)+ Y &'0'[u”+adu.],
where u{” and u?” are partial derivatives of the vector u” with respect to ¢ and
respectively. Using (4.10) and (4.11) in (4.3), and equating coefficients of £'6¢’, we
find the u®’ satisfy the following recursive system of equations:

4.12) Lu™@=u{""-Au""=-a"0,0, g, u, 1) —pa’(n, 1,0,0,0)",
4.13)  Lu®’=—-a®Y0,0,u, 1, 1)"—(0,0,0,1,0)7,
Lu®®=-a®20,0, u, p, )"~ "0+ paNu"?

4.14) 10) r
—QUy (“'s la 03 Oa 0) s

! See [11], [12] for an alternate procedure using multiscaling.
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882 L. A. RUBENFELD AND W. L. SIEGMANN

L“(ll) = _a(ll)(o, 0’ ey [y 1)T—a(OI)llf,,lo)—a(m)llf,oD
+Bu?+ paNu® - auf(u, 1,0, 0,0)7,
(4.16) Lu“?=—-a“?(0,0, u, u, 1)"—aPu®’+ Bu®,

Note that the operator L is defined in (4.12).

Each of equations (4.12)—(4.16) is of the type (4.6). Therefore, applying (4.7)
and (4.8), we can derive from each of (4.12)-(4.16) a boundedness condition, from
which we can determine the o™ in (4.10), and a solution consisting of a bounded
particular solution plus an arbitrary multiple of the solution to the homogeneous
equation Lv=0. We explicitly neglect the homogeneous solutions in each of
(4.12)-(4.16). Thus the homogeneous solution is represented solely in the first
term on the right side of (4.9). This arbitrary choice is related to that used in
certain applications of the method of averaging [7].

Proceeding in this manner, we can compute a®?, a®”, u®?, and u°? from
(4.12) and (4.13). Then we compute a®?, o™, and a®® from (4.14)-(4.16),
noting that u®®, u®", and u®® are not needed for this purpose. Substituting into
(4.9) and (4.10), using (4.2), and defining

(4.15)

4.17) R =¢a,
we find the formal asymptotic description for the solution x(¢) of (2.2) is given by
x(t) ~ R(£)(0, 0, u, u, 1)™ + (decay) — R*(r)(u?, 1,0, 0, 0)"

+v7 (1= p) (6 —ur)R()(0,0,1—p, 1,007+ - -,
where R(¢) satisfies

dR _ [(6 —uv)  (w(l—p)+A)E —;w)2]

—=R + 3 3

dt v(l1—u) v (1—p)

(4.19) ',,(1‘: M)[V(l—lf)wA]Ri s—ur<l,

R(0)=OC(e).

(4.18)

Note that the coefficient of R in (4.19) is the first two terms in powers of § — u, of
the linear growth rate near the stability boundary L® (see (2.7)).

From (4.19) and its solution we can deduce the following results:

v(1-p)+uA<O0:

(a) R(¢) (and thus x(#)) decays to zero for & —uv > 0. This is expected since
this case is in the globally stable region above L and to the left of the
parabolic arc.

(b) R(t) grows to an O(|6 — uv|'/?) steady state when 8 — uv <0. This is the
unique o(1) steady state indicated in Fig. 1.

v(1—p?)+uA>0, v<O0:

(a) If 6 —uv >0, then, depending upon the size of the initial condition, R
may decay to zero or become large. This is a typical result in a subcritical
region. The fact that R gets large merely means that no nontrivial o(1)
solution exists in this region, as is indicated also in Fig. 1.
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NONLINEAR DYNAMIC THEORY 883

(b) If 6 — ur <0, then all solutions to (4.19) get large. This again indicates no
nontrivial small steady state. In fact, the solutions would be expected to
grow until they reach the O(1) solution indicated in Fig. 1.

We note that (4.19) is not valid near P where v - 0. In addition, it breaks
down near the point P on L® where »(1—u?% +uA =0, since the coefficient of
R? in (4.19) is small also. We overcome this difficulty by calculating additional
terms in the expansions (4.9) and (4.10). Merely listing the outcome of the
calculations, we find that the solution of (2.2) is given asymptotically by

@200 )~ RO, 0, by 1, DT +(decay) + 3 G- urVxL(R)+-- -,

where the vectors x{’(R) are given in Appendix A. The amplitude R(¢) now
satisfies

dR _ [(3 —ur) (6 —uv)(v(1=p)+4)
dt v(1-p) ’(1-u)’

_p@(1-p®)+ud) ~ B
v(1—p) +K7(6—uv)+O((6 /.w)z)] +KR’,

+Ks(8 —uv)* +Kqs(6 — ,.w)“]

(4.21) +R3[

R(0)=0OC(e),

where

K=—-{-_”—mi[/u3(V(1—u)+0+u)(3A-2;w)+2V((V‘0‘)(1-M)+0+M)]

v¥(

3u’
+__..._—
(1-u)’

(4.22)
[v(1—p?)+pAllv(1—p)(1+A)+A%].

The quantities K, K and K are given in Appendix A, and the quantity indicated
as O((6 — ,u,v)z) in (4.21) has been computed in the procedure but is quite long and
is not reproduced here.

We observe from (4.21) that new small terms have been added to the R and
R? coefficients of (4.19) and that an R* term appears. The coefficient of R is again
the expansion for small § — uv of the linear growth rate near L™, Away from P,
where v(1— u.z) + 1A =0, the coefficient of R?in (4.21) is not small, and the R’
term produces only small corrections to thie evolution of the amplitude. However,
this term is vital near P®. At P® where v = —uA(1—u? 7", K has the value
—(1+u)ou®A™", from (4.22). Therefore, by continuity, K is negative close to
P®_ 1t then follows that in a neighborhood of P, specifically between the
parabola and the solid portion of L™ in Fig. 1, there are two small zeros on the
right side of (4.21). These correspond to the two additional o(1) steady states
indicated in Fig. 1. For small enough initial conditions, the solution of (4.21) in this
region will decay to zero, a result of the linear stability of the zero solution.
However, for “large enough” initial conditions, R will proceed to one of the two
additional steady states mentioned above, the other one being unstable. This is of
course typical of the situation in a subcritical regime, as discussed below (4.19).
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884 L. A. RUBENFELD AND W. L. SIEGMANN

The difference here is that for o(1) initial conditions, the solution will never grow
away from the o(1) regime, as it could for parameters not near PV,

We note that a value of R = R which causes the right side of (4.21) to vanish
must correspond to a steady convective solution. From (4.20), (A.1) and (A.2), the
fourth component of the steady solution is

~2 2p2 2 ’ 54 5
x4=[p, R _V(lliu)(v(l—”)+A)R +O(R6)]
(4.23)

+(6— ,w)[V ( f’_‘m 1%2+0(1§4)] +0((8 — pv)?).

Combining (4.23) with an expression for R (obtained from (4.21)) which is valid

away from the neighborhood of P, we obtain

7 p’v(1—p?)+ (e + Do +u)]
[v(1-p®+pAlP

p(8—pv)
[v(1-p®+pAl
+O((6 — uv)?).

(4.24) 3= +(6—

Equation (4.24) is precisely the expansion of the exact steady solution, correct to
O((8 — uv)?), obtained from (3.1) and (3.3). It is interesting to observe that the
expression for the coefficient of the quintic term in (4.21) is necessary to compute
the O((6 — uv)?) term in (4.24). Thus, the R° term is meaningful even away from
the point P, in the gense that it provides necessary higher-order corrections to
the steady state.

5. Dynamic behavior near L®. We next consider the behavior in time of
solutions of (2.2) and (2.3) satisfying (4.1), near the linear stability boundary
8=((o+1)/(c+u))v, »>0. In analogy with the development in § 4, we define

(5.1) u()=¢'x(t), n=6-— (;’Ii

)v<< 1,

where the small parameter 7 is a measure of distance from the line L®. The
analogues of (4.3) and (4.6)-(4.8) are

u=A,u+nBu+eu,Nu, u(0) =x,,

—1 0 0 0 0
0 —n 0 0 0
(5.2) A, 0 0 -1 1 0 ,
o+
0 0 V+0-+M -0 —(0+1)(v+M @ M))
1-p ot+u 1-p
L0 O 0 1 - i
(5.3) v—A,v=Re™ +y e +(c.c)+ (decay),
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— o Mt p+iA . )T iAt( B B Bs—Bs _ )T
voaee (0’0’1+i,\’“+’)"1 T\ 14 PO
oy +T +T\7T

+ iwt( Y1 Y2 Y3 Ys ) ed)+

¢ \Ttio p+io 1+i0’  p+io (c.c) +(decay),
(5.5) (0 +p)1—=iA)Bs+(1—p)Bs—(a+1)(u—ir)Bs=0,

in which B and y are complex 5-dimensional column vectors, (c.c.) denotes
complex conjugate, (decay) denotes decay terms, the real quantities A and w
satisfy

(5.6) A= (1—/((,_1—;6&)-) 1/2, w#A,

a is an arbitrary complex constant, and I' is given by

F=[1-p)A+iv)A*-w’)]™"
(5.7) Lo +p)A+A%)(p +iw)y;+(1-p)(1+io)(w +ie)y,— (o +1)
(2 +A%)(1+iw)ys).

We deviate from the procedure in § 5 by relating the small parameters n and
¢ through the equation

(5.8) n =ke.

The quantity k is carried along as a parameter and, in the end, is recombined with
€ and replaced by . We emphasize that (5.8) is used for convenience only and is
not at all necessary. The equations corresponding to (4.9) and (4.10) are

5.9 u~a(r) e'“(O 0, £ li\,,u,ﬂ)t 1) +(c.c.)+(decay)+ Y 'u?(t; a, @),
j=1

(5.10) a()= z gla?.

The first two terms on the right side of (5.9) are the solutions of the homogeneous
system i — A,u=0 that correspond to the imaginary eigenvalues = iA, while the
(decay) terms in (5.9) correspond to the remaining eigenvalues of A, with
negative real parts.

Proceeding in a manner analogous to § 4, we list the results in Appendix B. If
we define the real functions R(¢) and ¢(¢) by

(5.11) ea(t)=R(t)e™?,
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then from (5.1), (5.9), and (B.1) we have for the solution x(¢),
x(t)~ R(t) e’ ¥ (0,0, (u +id)A+id) ™, w+id, )T

+(6-(ZE)o)r2a—ia)a+ T R e
otu
'(0; 03 1 M, (1 +iA2)’ O)T
—(r +iA)R(2) e (n+ir)
S@+iA) M A+2iA) 7 (w+2ir) 71 0,0,0)7
+(c.c)+(decay) —2R*(H((w*+A3)(1+1%)7,1,0,0,0)+- - -.
From (5.8), (5.10), (B.2), (B.3), and (5.11), R satisfies

(5.12)

dR_(1=8@—(a+D)/@+m¥) , 3’ +A%)f) R4 ..
dt 2002 +A?) 2(A%+ A% (1 +42%)(u>+412) ’
5.13)
( 6_(0'+1)V<< 1,
ot

where R(0)= O(¢) and
fA)=40r* ~[TuA+20A+20u(oc+u)A?
—pAlA+pu(o+u)]

Note that to the order of terms calculated, the oscillation at frequency A
appears only in the last three components of x in (5.12), while the frequency 2A
oscillation is present only in the first two components of x. The phase ¢(¢) obeys an
equation similar to (5.13) with the right hand side depending only on R. It is not
reproduced here since its effect is just to introduce a slow variation in the phase of
the oscillations. We note that (5.12), and thus also (5.13), cannot be valid when
A =0, which from (5.6) corresponds to » =0.

From (5.13), the behavior of f(A) (in particular its sign) is crucial in determin-
ing the evolution of the small-norm periodic oscillation, at frequency A, near L®,
From (5.6) f is quadratic in », and it can be shown that f has only one real positive
zero in v at the value

@O__otn
8o(1-p)
[Tuld+20(A+u(oc+p))
+H[TuA+20(A+p(o+p)P+16ucAA+p (o +p)]?1.
This is just the abscissa of the point labeled P® in Fig. 1. It is also easily shown that
(5.16) r®>p®

and thus P® lies to the right of P in Fig. 1.
We C?I)l now ascertain the following behavior of solutions of (5.13):
v<v®:
(a) Close to and above the line L2 ie. 6§>((c+1)/(c+u)), the coefli-

cients of the R and R> terms in (5.13) are negative. Thus an initially small

(5.14)

(5.15)
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disturbance approaches zero as ¢ - 0, exponentially but with superposed
oscillations.

(b) Near and below L®, where § <((o+1)/(c +u))», a small-norm distur-
bance grows, in an oscillatory manner. To leading order, the components
X3, X4, and x5 of x of (5.12) attain an oscillation with frequency A given by
(5.6). The amplitude of the oscillation is small, of order (|6—
(c+1)/ (a-+/.¢))v|)1/ 2, and is given by the nonzero value of R which
causes the right side of (5.13) to vanish. These results for » <»* are
typical of so-called Hopf bifurcation [8].

v>p®:

(a) Close to and above L® where 8 >((o +1)/(o +u))v, the coefficient of
the R term in (5.13) is negative but the coefficient of the R> term is
positive. In this case, typical of subcritical instability, initially very small
perturbations decay to zero, while somewhat larger ones grow out of the
small-norm regime. The size of initial perturbations which demarcates
this behavior is evidently not easily specified, since x is a five-component
vector.

(b) Near and below L@, (5.13) predicts that the solution x in (5.12) will grow
out of the small-norm regime.

The occurrence of the point P on L® is particularly striking. The line L,
where some eigenvalues of the linearized system become purely imaginary, is a
prime location for possible bifurcation of periodic solutions. The above results
indicate that, for v <v®, we will have “supercritical” Hopf bifurcation, in which
solutions near and to the right of L® will proceed to a stable, small-norm periodic
solution. However, for » > »®®, we have “subcritical”’ Hopf bifurcation, for which
all solutions grow out of the small-norm regime. This behavior is, of course, a
nonlinear time-dependent phenomenon and could not have been ascertained
from the discussions in §§ 2 and 3. Numerical calculations of the complete system
(2.2) indicate that small-norm disturbances evolve differently for large time
depending on whether v is less or greater than »®. Further investigations are in
progress and will be reported elsewhere.

The point P® is also interesting in view of calculations by Sani [9] for
double-diffusive convection with the Navier—Stokes equations. Bifurcation in the
Navier-Stokes problem has a structure remarkably similar to that in our fluid-
loop model. There are direct analogues of our linear stability boundaries L and
L®, and our parabolic global stability boundary is exactly the same as found by
Joseph [3]. Moreover, Sani’s calculations using the Stuart-Watson method pro-
duced a point analogous to P, where the coefficient of the cubic term in the
amplitude equation for steady bifurcation vanishes. However, Sani did not
discover the existence of a point analogous to P®, finding instead a result
corresponding to f(A)=0. A reinvestigation of the problem with the Navier-
Stokes equations will also be reported later.

6. Dynamic behavior near P‘®. Setting 8 = » =0 in (2.3), we can easily show
that the linear matrix A has a double zero eigenvalue, with only one eigenvector.
We cannot proceed as in §§ 4 and S since the leading-order term in a formal
asymptotic expansion would necessarily have a linear growth term in ¢. To
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888 L. A. RUBENFELD AND W. L. SIEGMANN

overcome this difficulty, we first make a change of variables and then scale the new
variables appropriately so that the new leading-order linear matrix has a double
zero eigenvalue and two linearly independent eigenvectors corresponding to it.
This is equivalent to what was done in [15].

We define the quantities v, 1=i =35, by

-1 -1 -1
Vi1=€ X1, U2=€ Xz, U3=E€ X3

6.1
_ Lfo+1
V4= €& 3/2('“353 +x4), Us=¢ 2<‘1T_ “)[xs -(1- Mv)x4"#2x5]~
We also define k, and k, by
(6.2) d=ks, v=k,e,

which is analogous to what was done in § 5. The quantities k, and k, will be treated
as parameters in the calculations and replaced ultimately by 8 and ». Then, in
terms of the parameter

6.3) 6=c'",
equations (2.2) and (2.3) become

1+ T
"' = A0v+ <0, O, O, 0, ('i—_Z) 03(1)1 ——M202))

1+
+ O[Bov+ (O, 0,0, —vyv3, <-1—_-Z-)v4(v1 - p.zvz))T]

+0°[Cov+(—v3, — "3, 0103, — 0104, 0)7]

(6.4) —
_ ki(1—wu"vs \T
+03(-—v3v4, (1—2p) 20304, 010, —IT;;)—-E, 0
-2 T
4 _ -2.2 (1-—p)p 0)
+6 (O, (1 [.L)[.L vst (1+0_) U305, 0’ Oa
s(n (1—p)u? )T
~ 0
+ 0 <O, (1 +0') U4Us, Oa ’ 0 ’
where
=1 0 0 0 0 0 0 o |
O0—up 0 0 O 0 0 0
Ag= 0 000 O0f, By=|0 0 0 1 0],
000 O0 O 0 —K 0 1
L 0 0 x 0—-A] (1+0)
0 0 0 —-kl(l—;;)(1+a') 0]
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6.5

63 900 o 0
000 0 0

C,=/0 0 0 0 0 , k=p '(1+o)(k,—uk,).
R ) 0
M

000 O —————_kl(lz_“)
L o n

To solve (6.4) we assume that the solution has the form

_ A(l+0)as )T _ ,( —/.L2Aa3)T
V~a,e ’(1,0,0,0,————— +a,e "0,1,0,0,—————
! (1-p)o+np) g 1-p

(6.6) +a5(0,0, A, 0, k)" +a,4(0,0,0,1,0)"

+02a5¢7%(0,0,0,0, D)7+ ¥ ¢v(t,a),

=1

where

(e o]
6.7) =Y ae*, 1=j=5.
k=1

The first five terms on the right side of (6.6) constitute the most general solution of
the leading order nonlinear system derived from (6.4) upon setting  =0. The
terms involving a5 and a, are multiples of the two linearly independent eigenvec-
tors of A, corresponding to the double zero eigenvalue. Note that the termin (6.6)
involving as e ' is multiplied by 6 as a consequence of the scaling used in (6.1).
The difficulty the scaling (6.1) overcomes is the occurrence of a double zero
eigenvalue, with a single eigenvector, of the original matrix. However, because of
the structure of this matrix, in particular the way the eigenvalue — A enters, the
leading-order solution x of (2.2) will in general contain e~ terms. The scaling
(6.1) estimates the fifth component of x, and thus the e * terms, as small of order
62. Therefore, this scaling must be revised by a 672 factor in the e ™ term of vs,
and the 8 'v" term in (6.6) is of course needed in order to accommodate the 67>
term.

Our calculational procedure here differs somewhat from those in §§ 4 and 5,
because we must now perturb from a nonlinear system instead of a linear system.
For this reason, we show the calculation of the 6! terms in (6.6). The equations
governing them are:

(6.8) v Vol =0,
(6.9) 05 D+ =0,
(6.10) 05, V=0,
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6.11) o5V =ase ™ —o{Po§Y,

o5+ AV = —aP e 4 k0§Y

(6.12) +(11+a)[v(—1)(a1e ‘—plaze ™+ 00— uod)
I

+(07 "= p*05 V) Bas +05%) +0i (0T - p0i )]
Solving (6.8)~(6.11) we get
U(1_1)=ﬁ1 e’ Ug_l)=32 e, ( V= 35
0§ =Bs—ATase ™+ BB,

where B; (1 =i =4) are constants of integration. The appearance of vl 2 3 on the
right side of (6.12) indicates that the asymptotic sequence of equations is not a
closed system. However, using the results (6.13), we can eliminate the v terms
from the right side of (6.12) (and close the system) by choosing

(6.13)

(6.14) Bi=B>=PB3=0,
which yields
(6.15) v{ V=05 =0{V=0.

We note that results analogous to (6.14) arose in §§ 4 and 5 by eliminating the
homogeneous solutions of the basic linear system.
With (6.14) we can solve (6.12) and obtain the bounded vector

viP'=8,0,0,0,1,0)7+B5e7*(0,0, 0,0, 1)"

(6.16)
+e72(0, 0,0, —A"'as, 0)7,

6.17) aP=0,

where condition (6.17) follows from requiring boundedness of v &1 Since the first
two terms on the right side of (6.16) are precisely of the form of the fourth and fifth
terms on the right side of (6.6), these terms should be eliminated in order to
continue the analogy with requirements in previous sections, i.e.,

(6.18) Bs=Bs=

We remark that the v© term as well as the v term on the right side of (6.6) can
be shown to consist of decaying terms, and that the O(6™") and O(872) terms in
(6.6) are no bigger than O(¢) in x (see (6.1)). Thus, the terms of principal concern
in (6.6) for the dynamical behavior near P are those involving a; and a,.

Proceeding as above, we find without further complications that the equa-
tions governing the time behavior of a3 and «, decouple from those governing o,
a,, and as. Eliminating a4 to obtain a single second-order equation for as,
defining an amplitude function R by

(6.19) R=Aas6>
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and using (6.2) and (6.3), we see that R satisfies the nonlinear equation
s (o+u)f _(a’+ 1) ) .
R+=5={o-( )R

+(—‘§;A’f”—)[1+A‘3(a+u)<3—(Z:)y)]R ~R*=0,

(6.20)

and the solution vector x, to the order completed, satisfies
(6.21) x(1)=(0,0, R, R+ R, u *(uR —(1—w)R))" + (decay).

We omit the calculation of initial conditions on R, from (2.2), (6.1), and (6.6),
since the qualitative features of solutions of (6.20) can be discussed without
explicit initial conditions. Note that the linear growth rates, obtained by ignoring
the R? term in (6.20), are determined by the quadratic

ESNEIIN

(6.22) _
+M[1+A_3(b'+p,)(5—<o-+ 1)1/)] =0,
A ot+u
which is exactly the first few terms of the linear growth rate equation given in
(2.10) and (2.11). Also, if the scaling (6.1) were not made, then a restriction on the
initial conditions similar to that discussed in [15] and [16] would be necessary to
eliminate a linear time growth term.

A simple phase plane analysis of (6.20) reveals the following characteristics
of the time behavior of the amplitude R (¢):

(a) On and below the solid portion of line L"), and below the solid portion of
line L®, almost every solution of (6.20) is unbounded. The only exceptional
solutions are those represented by separatrices in the phase plane, i.e., a few
trajectories in the phase plane which enter unstable singular points (correspond-
ing to the zero solution and, above the dashed portion of L, the unstable
small-norm steady solutions). The fact that solutions of (6.20) become unbounded
only means that there are no small-norm solutions of our original system.

(b) On the solid portion of line L®, stable periodic solutions of small norm
exist. This is not unexpected, since on L® the linear matrix A has conjugate
purely imaginary eigenvalues. However, there are also unbounded solutions here.
Thus, the zero solution is stable (but not asymptotically stable) to small enough
perturbations and unstable to sufficiently large perturbations.

(c) Above the solid portions of both L™ and L®, the zero solution in the
phase plane is a stable spiral or nodal point. This is due to the fact that this region is
inside the linear stability boundary. Sufficiently large perturbations will become
unbounded, however.

In the context of these results, it is very interesting to recall that near the solid
portion of L®, but away from P'”, bifurcation of the Hopf type occurs. That is,
away from P and below L®, a small-norm periodic solution exists. The
situation is quite different near P”. Evidently, as P is approached the stable
small-norm periodic solution, which exists below L, is affected by the existence
of the double zero eigenvalue at P” and evolves out of the small norm regime.
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It is also worth mentioning that below both solid and dashed portions of L,
the phase plane analysis shows that solutions of (6.20) become unbounded
without oscillations. Thus, below L™, the oscillatory nature of the bifurcation is
completely absent. Above L™ on the other hand, there are at least vestigial
elements of the oscillatory character of Hopf bifurcation, even though strictly
periodic solutions of small norm exist only on the solid portion of L®. Moreover,
on this solid portion of L®, there are infinitely many small-norm periodic
solutions, unlike the situation below L® away from PO where an oscillation of
given amplitude exists (see (5.13)). Finally, note that near the solid portion of L™,
(6.20) is in some sense the limiting version of (4.19). This connection cannot be
rigorously valid, since (4.19) obviously fails as v approaches zero. However, if in
(6.20) the R term is deleted and & is assumed close to wv, then the terms in the
resulting equation correspond naturally to terms in (4.19).

It is anticipated that analogous results to those in this section apply near the
point corresponding to P” in the appropriate parameter plane for double
diffusion with the Navier-Stokes equations. Calculations for the amplitude equa-
tion near this point were made by Sani [9] using the Stuart-Watson technique.
Sani did not construct a second-order equation analogous to (6.20). Instead, he
found a first-order equation with certain coefficients that became singular
approaching the analogue of P”. We believe the occurrence of a double zero
eigenvalue necessitates an amplitude equation of the type (6.20) for the problem
with the Navier-Stokes equations, and the derivation of it using procedures
similar to those presented here will be reported elsewhere.

Appendix A. The functions appearing in (4.20) are given by
x{”=-R*®)(1*1,0,0,00"—p’» 7 (1-p)™"
“R*(#)(0,0,A01—pu), v(1—p)+A, 0)7
+r7 (1= ) RO’ 2-3p) — vl - p)(1+2u),
—pA-v(1-u)(2+p),0,0,0)7,
xV=2"11-p) 'R(#)(0,0,1~p, 1,0)7
(A.2) +r ' (1= p)R*(O)(uBur—2), ™", 0,0,0)"
—uwr (1= ) °R(1)(0, 0, Ky, Ky, 0)7,
(A3) xP=v72(1— ) R(#)(0,0, (1-w)A, v(1—p)+A,0)7
~R* 1) >(1- ) (K3, K4, 0,0, 0)7,
xiV=v (1= ) °R()(0, 0, (1~ w)(2A%+v(1 - p)(1+4)),
(r(1—p)+AP+rv(1—p)(1+A)+A% 0)7,

(A.1)

(A.4)

where

(A5 Ki=v*(1-p)(1-2u)+v(1—p)(6p+A(1+2u)) +4u A’
(A.6) Ko=(1-p)v(1—p)(6p +A-2uA)+4uA%,

(A7) Ky=v(l-p)(1-2p)+pA2-3u),
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(A8)  Ky=p [v(1-p)2-p)-pnll
The constants K5, K¢ and K5 in (4.21) are
(A9)  Ks=v(1-p)[(v(1-p)+AP+v(1—-p)(A+1)+A4%,
Ke=v7(1—-p) [A+v(1-p)*+BA+2)(A+v(1—p)?
+(A%=A+2v(1-p))A+v(1-u)) - A%,
(A1) K,=—ur>1-p) K.

Appendix B. The functions u” appearing in (5.9) and the constants o in
(5.10) are given by

u®=[2A(A —iA)(1+iA)] ke e™(0, 0, 1—p, (1+ir)%, 0)T

(B.1) —(u+ir)a? e ((u +id)
A+iA)'(A+2i0) 7Y (w+2i0)71 0,0,0)7

+(c.c)—2la)(w®+2)(1+1%71, 1,0,0,0)7,
B.2) aP=kRAA—=iA](1+id)a,
a®@=E>A+iM) A=A +id(2—o— )82 —iA)’]T a
(B.3) =3i(u2+AD)( +iA)(A+2id)(1+ir)
“RAA+N)(L+2id)(u +2iA)] ol

The vector u® has been computed and is quite lengthy.

(A.10)
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